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Abstract 

In this work, we propose the N = 2 and N = 4 supersymmetric extensions realized 
off-shell of the Abelian gauge model with Chern-Simons Lorentz-breaking term. We 
start with the theory in 6 and 10 dimensions and reduce a la Scherk the space-like 
coordinates to carry out the D = 5 model in both cases. Then, we reduce the fifth 
space-like coordinate using the Legendre transformation technique for dimensional re- 
duction. The last reduction method provides us with auxiliary fields that yield the 
superalgebra closed off-shell. Since the reduced bosonic Lagrangians from 6D and WD 
are the same as the N = 2 and N = 4 SUSY- versions of the theory, respectively, we use 
the superspace-superfield formalism in N = 1 to achieve the supersymmetric version 
of model. 



1 Introduction 



The field-theoretic models adopted to describe the fundamental interactions among truly 
elementary particles have the Lorentz and gauge symmetries as their main cornerstones. 
However, mechanisms of breaking these symmetries have been proposed and discussed in 
view of some phenomenological and experimental evidences 121 EH IU E]- Astrophysical 
observations indicate that Lorentz symmetry may be slightly violated in order to account for 
anisotropies. Then, one may consider a gauge theory where Lorentz symmetry breaking may 

1 Supported by the Conselho Nacional de Desenvolvimento Cientffico e Tecnologico CNPq - Brazil. 
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be realized by means of a term in the action. A Chern-Simons-type term may be considered 
that exhibits a constant background four-vector which maintains the gauge invariance but 
breaks down the Lorentz space-time symmetry pQ. 

In the context of supersymmetry (SUSY), a number of works introduce the idea of Lorentz 
breaking in connection with SUSY: In ref . [0] , SUSY was presented through the modification 
of the algebra; in ref. pj IHj, one achieves the N = 1— SUSY version of the Chern-Simons 
term through a superspace-superfield formalism; in ref. jHj, the authors adopt the idea of 
Lorentz breaking operators. The N = 2 and N = 4 extended supersymmetric version of the 
Lorentz breaking term have been presented in JUj using the ordinary dimension reduction 
(a la Scherk) of the bosonic sector in 10 and 6 space-time dimensions respectively and then 
using the superspace-superfield formalism in N = 1. In this last one, the extended super- 
symmetrizations are realized on shell, i.e., the superalgebra can not close without imposition 
of the equations of motion in 4D. In the present paper, we propose the off-shell N = 2 and 
N = 4 supersymmetric version of the Abelian gauge sector added the Chern-Simons Lorentz 
breaking term. The main idea is based on the work of ref. [TT], where it was presented 
the N = 2 and N = 4 supersymmetric version realized off-shell for the Yang-Mills theory. 
It was obtained through the dimensional reduction of the N — 1 supersymmetric model in 
components in 6 and 10 dimensions respectively. In order to obtain the off-shell realization, 
different of the refs. ^21 EH] presented on-shell, it proceeds making the ordinary dimensional 
reduction of space-like coordinates from the N = 1 model in 6D and 10D to 5D and than 
reducing the other space-like coordinate to 4D using the Legendre transformation technique. 
The model receive some auxiliary fields, that have close relations with the conjugate mo- 
menta, that make superalgebra closed off-shell and the translation in respect to the reduced 
coordinate (a la Legendre) can be identified as central charge transformation. 

In the ordinary dimension reduction, presented by Scherk, one assumes that no field 
depends on the coordinate to be reduced, then all derivatives with respect to this coordinates 
are taken to be zero. The technique of reduction a la Legendre is not so direct: its main idea 
is based on the Hamiltonian, not with respect to the time, but with respect to the coordinate 
to be reduced. In this technique, the fields and the Lagrangian are dependent of the extra 
coordinate, but the reduced action does not have this dependence. In this way, the fields 
have to obey the equation of motion in the higher dimension that turns into constraints of the 
reduced Lagrangian. In the first section, we shall present these techniques and then we shall 
apply to a D = 6 and a D = 10 Abelian gauge model with Lorentz-violating Chern-Simons 
term. In both applications, we reduce the space-like coordinates a la Scherk to achieve the 
D = 5 version of the model, and then, we reduce more one space-like coordinate using the 
Legendre transformation technique. In the second and the third sections, we use the fact 
that the reduced Lagragians starting with D = 6 and D = 10 model, obtained in the first 
section, are the bosonic sectors of the off-shell N = 2 and N = 4 supersymmetric version of 
the model proposed, respectively. Once the bosonic sector is identified, we adopt an TV = 1 
-superfield formalism to write down the gauge and the background supermultiplets and then 
we set up their coupling in terms of an N = 2 and N = 4 action realized in N = 1-superspace. 
The result is projected out in component fields and we discuss the role of the background 
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partners for the central charge of the N = 2 and N = 4 Lorentz broken action. 



2 The Scherk and Legendre procedures for dimensional 
reduction 

There are in the literature several techniques for dimensional reduction, such as a la Scherk 
[131111, a la Legendre P], a la Kaluza-Klein H3IE|, a la Witten-Manton [TH d EH] , and 
others. In this work, we shall contemplate two of them: the technique a la Scherk and a 
la Legendre to make the dimensional reduction of the Abelian gauge model with a Lorentz 
violating term. This shall be useful to achieve, in the next sections, the off-shell N = 2 and 
N = 4 supersymmetric version of this model. This model in 4D was proposed by pQ, and it 
is written as follows: 

£ 4 = -\f^ + e^A^AJx, (2.1) 

where t\ is a constant vector that exist in the background space-time, determining a prefer- 
ence direction, and then, breaking the Lorentz symmetry. 

In the first part of this section, we shall present the dimensional reduction techniques a la 
Scherk (ordinary technique) and a la Legendre (through Legendre transformations). Then, 
in the second part, we shall apply these techniques to make the dimensional reduction from 
D = 6 to D = 4 and from D = 10 to D = 4 for the D = 6 and D = 10 versions of l2~TTl. This 
procedure will provide the bosonic sector for the iV = 2— and iV = 4— SUSY generalization 
of this model, respectively. Then, in the next sections, we will carry out these complete 
off-shell supersymmetric model using the superfields formalism in a iV = 1 superspace. 

The ordinary reduction (a la Scherk) is very direct, it is considered that the fields do 
not depend on the extra coordinate to be reduced (d^Ap, = 0). In the reductions D = 6 
to D = 4 and D = 10 to D = 4, we will proceed reducing a la Scherk the space-like 
coordinates to D = 5, and then, we will reduce the space-like coordinate x 4 using the Legendre 
transformation technique. 

In the Legendre transformation technique, it is supposed that the Lagrangian £4 has 
x 4 -dependence (<9 4 £ 4 7^ 0), but the action S4 does not depend on x 4 (d^S^ = 0). This kind 
of reduction is interesting also because we suppose that physically the fields really depend 
on the extra dimension. 

After we obtain the Lagrangian in 5D, we make the dimensional reduction with respect 
to a coordinate x A through the Legendre transformation technique. It is based on the idea of 
the Hamiltonian formalism. The Hamiltonian density is the Legendre transformation of the 
Lagrangian (density) with respect to the time and we know that the Hamiltonian density 
has time dependence (-^'H 7^ 0), but the Hamiltonian is invariant under time translations 
{4;H = 0). The idea is to obtain the Lagrangian £4 as a kind of "Hamiltonian density" with 
respect to the coordinate x 4 . The Lagrangian £ 4 , unlike the a la Scherk method, depends 
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on the coordinates x 4 : 

dU + 0. (2.2) 



<9x 4 

However, the action must be independent of x 4 : 

dS 4 
dx 1 ~ 



0. (2.3) 



In order to find the Lagrangian £4 from a Lagrangian £5 we make a procedure similar to 
obtain the Hamiltonian, but unlike the Hamiltonian, it is not with respect to the time, but 
to the coordinate x 4 . Suppose the Lagrangian in 5 dimensions £5 doesn't have explicit x 4 
dependence (only implicity): 

dx 4 ~ dA dx 4 dd^Ao dx 4 ' 1 ' j 

where p, = 0, 1, 2, 3, 4. If we make the integration by parts obtaining 

d£s = (dCs _ a dC 5 \ dA p f dC 5 dAA 

dx 4 \dA ^dd^Ao) Ox 4 A [ddf.Ao dx 4 J ' 1 ' ' 

Considering that the field equation in 5D is satisfied, then 

m ~ d ^ = (2 - 6) 



and (|2.5|) becomes 

dx 4 A {88^ dx 4 
Considering \i = 0, 1, 2, 4, we have that 



h ( ^Pr~Ez ) • (2-7) 



dx 4 " V 99„Ai> dx 4 / 4 V00 4 A> <9x 4 ' ' 



Then 



A /V _ dC * dA A - a ( dc * dA > \ in ^ 

dx 4 V 0a 4 4> «9x 4 y v^A> ax 4 ' ' u ' 



If we integrate this expression in the 4 space-time volume: 

we notice that the term in the RHS of equation (|2.1(J|) must turn into a hipersurface integral 
that must be zero, because At, must be fix. Then, we can define a Lagrangian £ 4 that can 
be thought of as the negative of the "Hamiltonian" with respect to the x 4 as: 
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In this reduced Lagrangian, new auxiliary fields appear; they are closely related to the 
canonical momenta 

*° - Mk- (2 - 12) 

These auxiliary fields have the role to close the off-shell superalgebra in one dimension less. 

We notice that to define (|2.11j) as a Lagrangian in 4D, the equations of motion in 5D 
(12. 6)) must be satisfied. It becomes a constraint in 5D that determine how the physical 
and auxiliary fields transform under x 4 translations. This x A translations correspond to the 
central-charge transformations in the reduced superalgebra. 



2.1 The chain of reductions 6D — > 5D -w AD 2 

In it was shown the attainment of the off-shell N = 2— SUSY generalization for the 
Yang-Mills model applying the two techniques of dimensional reduction mentioned for the 
iV = 1— SUSY model in components in D = 6. Here, we shall apply these dimensional 
reduction techniques for a D = 6 version of the bosonic model ()2.1|) . The reduced Lagrangian 
is the bosonic sector of the off-shell N = 2— SUSY generalization of this model. As proposed 
in ^U], the D = 6 version of the Lagrangian (J2.1|) can be given by: 

U = -\FpFi* + y^ Xa A^A k T x ^ (2.13) 



where fx = 0, 1, 2, 3, 4, 5. 

The dimensional reduction of a space-like coordinate x 5 a la Scherk is done considering 
no dependence of the fields in respect to this coordinates. This reduction takes the form as 
follows: 

A = ~\f^ + \d^d^ + \e^A^A k R Xl) + y^A^T^ (2.14) 
where ft = 0, 1, 2, 3, 4, £ p- ukX p 5 = £ ^^p an( j we redefined the gauge fields as 

(40 -> (A fa if), 

and the background fields as 

(Fxpa) ~^ (R\p> Ffc\p) • 

We can notice that in 5D, the theory has one vector and one scalar gauge fields; one rank-2 
and one rank-3 (that could be considered its dual that is rank-2) background fields. The next 
step is to make the dimensional reduction 5D -w 4D a la Legendre of the 5D Lagrangian 
fl2~T4l . Substituting (jHHj) in 

r - r dCb dA ° dCb dLp 
4 5 dd 4 A dx* dd^dx*' 1 } 



2 The symbol — > means that the dimensional reduction is performed through the technique a la Scherk, 
while the symbol stands for the reduction a la Legendre. 
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and expliciting the index 4, we obtain the Lagrangian 

U = —F^F^ + ^F^F^ + d^F^ + ^d^ip-^d^ip (2.16) 
+e^ KX A IM d u A K p x + e^A^R^ + ^ kX A^S kX + <j>d^t^ 

where \i = 0, 1, 2, 3, e fJ-UfiXA = £ v kX ^ anc i we redefine the gauge fields as 

(A A , y?) ~* (A^, 0, p), 

and the background fields as 

T kXp) ~» (Pa, Rx p , S kX , f ). (2.17) 

Now, we can notice that the theory in 4D has a vector and two scalars gauge fields; two vec- 
tors (a vector was given by the dual of one rank-3 tensor) and two rank-2 tensor background 
fields. 

The canonical reduction with respect to x 4 is: 

FIT 1 
< A A = T^T- = ~ pA " + o^AuRkx, (2.18) 

«{<p) = T^ = 8^-A^. (2.19) 

We define the auxiliary fields as 

F^ = V„ F A " = -F^ = rf, d,cp = -<9V = G. (2.20) 

This will be necessary to close our future superalgebra off-shell. Replacing these definitions 
to the Lagrangian ()2.16|) . one gets: 

U = -\f, u F^ - ]^^ -^d^+U^d^+^GG (2.21) 
+e^ x A^d u A K p x + e^ x A^R kX + l -e^ KX A^d v pS KX + $3^. 

The 4D Lagrangian (|2.21j) will be invariant off-shell only if the constraints imposed by the 
equations of motion in 5D, relative to the Lagrangian (|2.14j) . were satisfied. The equation 
of motion for Ac is presented as follows: 

dpF** + ±e^ x % k R x ~ + Le^d^T^ = 0. (2.22) 



Considering v = 4, we have 



<W - \e^ KX F^R KX - = 0, (2.23) 



-e^ K %R KX + Gt". (2.24) 
0. (2.25) 

V^. (2.26) 

Notice that the constraint ()2.23|) can simplify the Lagrangian to 

A = -\f, v F^ - + l -d^d^+ l -GG (2.27) 

+e^ x A^A K p x + ^ KX F, u <pS KX , 

where (f> works as a Lagrange multiplier. Notice that the auxiliary field 77^ must satisfy the 
equation 1)2.23)1 . The equations (J2.24)) and ()2.26)) can be seen as central charge transforma- 
tions. In this way, the supersymmetric transformations given explicitly in 4D will contain 
x 4 translations that are interpreted as central charge transformations. Then, we notice that 
this extra dimension works as a central charge for the superalgebra in 4D. This results are 
possible because we used the technique of dimensional reduction a la Legendre. We can 
observe that the action of this Lagrangian is independent of the ^-translations, although 
the fields depend on this coordinate. For that, the Lagrangian is required to obey all the 
constraint imposed by the equation of motion (|2.22j) in 5 dimensions, to be invariant under 
x translations. 



and for v = u, 

dtf = V" + l^F^Px + \e v ^ x d^S KX - 
The equation of motion for (p is presented as below 

Taking the component p, — 4, this equation looks as 

d A G = d^tp - -e^F^S Xp - 



2.2 The chain of reductions 10L> -> 5D 4D 

Using the same idea as worked out for iV = 2, we can obtain the bosonic sector of the off-shell 
iV = 4— SUSY version of the model (|2.1|) . but, to achieve this, we need to start off from a 
D = 10 Lagrangian. It can be done making the reduction D = 10 — > D = 5 through the 
ordinary technique and then reducing D = 5 D = 4 through the Legendre transformation 
technique. As we see in |10j . the Lagrangian treated in 10D can be written as: 

Ao = -\f, u F^ + ^ k ^A^A k T x . && ^, (2.28) 
where /i = 0, 1,2,3,4,5,6,7,8,9. 

It is easier in the calculations to consider the dual of the Lorentz violating term, although 
we will continue to show the results under the conventional form for the Chern-Simons 
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action. The dimensional reduction a la Scherk from 10 — > 5 of the space-like coordinates 
0C • X • OC • OC . X IS carried out by considering no dependence of the fields on these coordinates. 
This reduction takes the form as follows: 

£5 = —F^ + ^d^d^ + ^s^A^AkRxp (2-29) 

where fi = 0, 1, 2, 3, 4, the internal index J = 1,2, 3,4, 5 and £ AwAp56789 = £ a**a> The g&uge 
fields were redefined as: 

(Ap) - (A A , /), 

and the background fields as 

We can notice that the Lagrangian in 5D has a vector and five scalar gauge fields; one rank-2, 
five rank-3 (its dual is rank-2) and ten rank-4 (its dual is a vector) background fields. 

Now, we proceed performing the dimensional reduction of the space-like x 4 -coordinate by 
using the Legendre transformation technique. This will bring about the auxiliary fields that 
make the superalgebra closed off-shell. In this technique, the D = 4 Lagrangian is obtained 
through 

dC 5 dAi, dC 5 dip 1 
4 5 " dd 4 A p dx* ~ dd^dx^' ( } 

Applying the (j2.30p for the Lagrangian ()2.29|) . we obtain: 

U = —F^F^ + ^F^ + d^F^ + ^d^d^ 1 -id^W (2.31) 
+e^ KX A,d u A K p x + e^ KX A,d u( pR KX (2.32) 
+^™ x A lx d u ip I S I KX + 0c^V + ^d^ J t IJ \ 

where £^ vkX = e ^ vkM ^ an( j we redefined the gauge fields as 

(A A , if 1 ) w (A^ 0,^/), 

and the background fields as 

(%' T k? T ^ - (pa, sL t"). 

We notice that the theory in 4D has one vector and six scalar gauge fields; sixteen vector 
(given by one vector and fifteen duals of rank-3 tensors), ten scalars (given by ten duals of 
rank-4 tensors) and six rank-2 tensor background fields. 
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The canonical momenta for the Lagrangian ()2.29|) are given as follows: 

We define the new auxiliary fields as 

F ifl = Vfl , F^ = -F^ = v ^ d i <p I = -d i <p I = G I . 

This will be necessary to close the superalgebra off-shell. By bringing these definitions into 
the Lagrangian (|2.31jl . we end up with 

A = -Jf^F" - - + ^^^V 7 + ^G ; G ; + £^^9,4^ (2.33) 

+e^ KX A^d u 4>R KX + ^ KX A,d u ^Si x + ^cpV + ip'd^t 1 ^. 
The equation of motion for the Lagrangian ()2.29j) in terms of A„ is given by: 

df , F H0 + £ o^Xp F( . kR ^ + }_ £ ^P d ^i T i^ = (2.34) 

Considering v = 4, we have that 

drf - l -e^ x F^ u R KX - drff = 0, (2.35) 
and considering v = is, we have that 

drf = + \s^ x F, kPx + h^ x d^Si x - e^\R KX + GV. (2.36) 
The equation of motion for tp is presented as follows 

- y* 0kX %A*Tl u - le^d^T^ = 0. (2.37) 



Taking the component jl = 4, we arrive at 

1 

4 



diG 1 = <^dV - -e^F^Sip - rj^ - 2d^ J t IJlM - 2G J t IJ . (2.38) 



Notice that the constraint ()2.23|) can directly simplify the Lagrangian to 

U = -\f»„F^ - + + ^G 1 (2.39) 

+e^ KX A^d u A K p x + ^e^F^SL + if'd^t 1 ^. 

As in the 6 to 4 reduction the field <fi works as a Lagrange multiplier. The auxiliary field r]^ 
must satisfy the equation ()2.35j) and the x 4 -translations (|2.36|2.38J) correspond the central 
charge transformations in the N = 4 superalgebra for D = 4. 

9 



3 The off-shell N = 2-SUSY version of the Abelian 
gauge model with Lorentz-breaking term 



The on-shell version of the N = 2 supersymmetric extension of the Lorentz breaking term 
can be found in ^0], where use has been made of the dimensional reduction (a la Scherk). 
In the present work, we are interested in the attainment of the off-shell N = 2 SUSY version 
of the Abelian gauge model with Lorentz-breaking term. In this way, we consider that the 
bosonic sector for N = 1 in 6D is the same of the bosonic sector for N = 2 in AD. In order to 
build up the supersymmetrization off-shell, it is necessary to reduce one of the coordinates 
using the reduction a la Legendre. It permits the appearance of auxiliary fields that make 
the algebra closed off-shell. 

In the previous section, we have made the dimensional reduction 6 — > 5 a la Scherk and 
5 ~^ 4 a la Legendre and obtained the bosonic Lagrangian ()2.27|) in AD. We can consider 
the vector field of the theory as a gradient of a scalar (p M = d^s), then the Lagrangian is 
given as follows: 

U = -\F^-± V ^ + ±d tli p 1 d^ 1 + ±G 1 G 1 (3.1) 
+e^ KX A,d„A K d xSl + ^e^F^S^. 

Notice that we redefined the real fields tp, s and G. It is necessary in order to accommodate 
these bosonic component fields in the chiral superfields. For that, we have to define the 
complex fields: 

ip = tpx + itp 2 
s = s 2 + isi, 
G = Gi + iG 2 . 

Observe that we introduced more one gauge, one background and one auxiliary fields in the 
model to build up complex scalar fields. Once we has the bosonic sector of the N = 2-SUSY 
theory, we proceed the supersymmetrization using the superfield formulation in a N = 1 
superspace with supercoordinates (x^, 9 a , 9a). The conventions used are the same as given in 
ref. [IDI. 

We define a vector superfields V in the Wess-Zumino gauge containing the gauge field 
A^ as: 

V = 9a"9A f , + e 2 6X + 9 2 9X + 9 2 9 2 D (3.2) 
which fulfill the reality constraint V = V\ The Abelian field-strength superfield is given by: 

W a = - l -D 2 D a V wz , Wa = ~D 2 DaV wz , (3.3) 

having the chirality condition: DW = DW = and DW = DW. 
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The vector superfield that has the auxiliary field if 1 must not be gauge invariant, then, 
it is necessary to define this in the complete form: 

U = u + 9a + 9a + 9 2 M + 9 2 M* + 0<t"% + 9 2 9(5 + 9 2 9(3 + 9 2 9 2 E, (3.4) 

obeying the reality constraint, U = U>. 

The scalar superfields that accommodate the gauge field (p, (p* and the auxiliary fields 
G, G* are: 

$ = ip + ie^ed^ - ]e 2 e 2 Dip + - ^=e 2 d^ i e + q 2 g, (3.5) 

4 \/2 

$ = - ida^tp* - \e 2 e 2 Uip* + V264> + ^Pwdyft + e 2 G*. (3.6) 

4 y2 

The scalar superfields that accommodate the background fields s, s* and their superpartners 
are written, respectively as 

S = s + iOa^s - -e 2 9 2 Us + V26£ - -^9 2 d^9 + 9 2 h, (3.7) 

S = s * - i9a^9d^s* - ^OWUs* + \/20£ + ^ 2 9a^d^ + 9 2 h\ (3.8) 

which satisfy the chiral condition: Z)$ = = DS = DS = 0. Observe that we introduced 
more one gauge, one auxiliary and one background fields in the model to build up complex 
scalar fields. It was necessary in order to accommodate the fields in the chiral superfields. 

The spinor superfields that contain S^, their dual fields and their superpartners are 
written as 

Sa = r a + 9 b (e ba p + a^S llu ) + 9 2 F a + te^9d ll T a (3.9) 
+iBam%{e haP + < S, v ) - - A 9 2 9 2 Ur ai 

= fa + 9 b (-e\p* -cj» v \s; u )+9 2 F h -i9^9d,fa (3.10) 
-i9o»99 b d,{-e\p* - a^ b a S; u ) - \e 2 9 2 Uf a ., 

that are also chiral D h H a = A,£d = 0. 

Now, we are interested in building up the off-shell N = 2 supersymmetric version of 
the Lagrangian ()2.1j) using the N = 1-superfield formalism. As already written down in 
the previous section, the bosonic sector for this Lagrangian is given by ([2.27)1 . In this way, 
the next step is to look for a supersymmetric model in term of superfields that contain this 
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bosonic sector and its correspondent fermionic sector. First, it is useful to quote the mass 
dimensions of the superfields given previously: 

[V] = 0, [ Wa ] = [W a }=+^ [$] = [$] = +!, 
[U] = [U]=+l, [S] = [S] = 0, [E a ] = [E d ] = +1. 

Based on the dimensionalities, and by analyzing the bosonic Lagrangian (|2.27p . we propose 
the following supersymmetric action S^ r : 



S br = [ d 4 xd 2 6d 2 6[jW a W a S(6 2 ) + \w & W"8{9 2 ) + i$$ - UU 

J 4 4 * 

+ l -W a (D a V)S + ^Wa(D h V)S (3.11) 
This Lagrangian in its component-field reads as below: 



- iXa^X + D 2 + D* 2 + \d^d^* - % -^d$ + i 
-hfVn + af3 + a(3- MM* - 2uE 

+ % -d^{s - s*)e^F KX A u - - A {s + s*) V" + 2D 2 (s + s*) 



isXa^X - is^Xa^X - —Xa^F^ + —=Xa^F^ 



+^AA/i + ^AA/i* - V2XiD - V2XID 

l £ ^i^ + tp*)(R KX + R* KX ) + l -F^(R, u - R^)(<p + <p*) (3.12) 



iV2 „ 1V2 

4 



-\fa»d»X{y + <p*) + ^a^B^X + ^^B^X 

8 ^ 8 VH 4 ^ 4 ^ 
+ ^/Ar - l -rXf + ~(<p + V *)XF - l(<p + <^)AF. 

This Lagrangian is invariant under the N = 2 superalgebra in this 4D. When the superalge- 
bra in 5D has the index 4 explicited we obtain the superalgebra in 4D that acquire central 
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charge transformations that correspond the x 4 transformations as we obtained in (|2.24|l2"l2T))) . 
This is given as follows: 



(3.13) 



5zG 




(3.14) 



These central charge transformations above include only the bosonic sector, because we do 
not start off with the fermions in 6D. Once we have the reduced fermionic term (in AD), we 
are able to restore the fermions of the original theory in QD. With that, our central charge 
transformations in 4D will naturally display the fermionic fields along with the bosonic 
degrees of freedom. This shall be presented in a forthcoming work. 

The fifth dimension is interpreted as the central charge and it is consequence of the 
necessity of the obedience of the equation of motion in 5D. 

We can notice that this off-shell Lagrangian is simpler than the on-shell one obtained in 
the in ref. |10j . This is so by virtue of the constraint (j2.23|) imposed by the equation of motion 
in 5 dimensions. These results are possible due to the utility of the Legendre transformation 
technique to make the dimensional reduction of one of the space-like coordinates. 

In the Lagrangian (J3.12)) . we can notice the Maxwell term and the term proposed by 
Jackiw in |T] and also the N = 1 supersymmetric generalization. We also see that this La- 
grangian has the bosonic sector (J2.27|) , the fermionic sector and the auxiliary fields presented 
in the superfields. 



4 The off-shell N = 4-SUSY version of the Abelian 
gauge model with Lorentz-breaking term 



In order to build up the off-shell N = 4 supersymmetric version of the Abelian gauge model 
with Lorentz violating term, we proceed similar to the last section, but now, we start with 
the bosonic Lagrangian (|2.39|) obtained through the reduction 10 — > 5 and 5-^4. As in the 
last section, we consider the vector fields as gradient of scalars (p M = d^s, t IJfl = d^u 13 ), 
then the bosonic Lagrangian is given as follows: 



As it was done in the previous section, we redefined the real fields ip 1 , s and G 1 in order 
to accommodate these bosonic component fields in the chiral superfields. We define the 



(4.1) 
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complex fields: 

S = S 2 + iS!, 

G 1 = G{ + iG{, 
u IJ = u[ J + iu\ J 

We proceed the supersymmetrization building up the N = 1— superfield extension of the 
Lagrangian 1)4.1)1 . The superfields that accommodates the gauge field A^, the background 
scalar fields s, s* and the auxiliary vector field rf with theirs superpartners is the same of 
the defined in the last section, given by (|3. 2113. 71 13.8)13.4)) respectively. The scalar superfields 
that accommodate the five real scalar gauge fields <p[, and introducing more five real fields 
1P2 that does not appears in the Lagrangian 1)2.39)1 . are given, respectively as 

= ^ + ida^Qd^ 1 - -9 2 e 2 n^ + V29^ - ^ r 6 2 d^ I a»6 + 9 2 G I , (4.2) 

4 y/2 

$ J = (p* 1 - ida^Od^* 1 - -OWUip* 1 + V2W + ^WQo^d^ 1 + PG* 1 , (4.3) 

4 y/2 

which satisfy the chiral condition: D$ 7 = D& 1 = 0. The chiral superfields that accommodate 
u IJ and u* IJ are 

R IJ = U IJ + i6a»6d^u IJ - -6 2 e 2 Uu IJ + V26( IJ - ^ r 6 2 d^ Ij 'a»6 + 6 2 g I , (4.4) 

4 y 2 

= u *u _ ie^ed^u*" - -e 2 e 2 Uu* IJ + >/2^C JJ + -^ 2 #^C /J + 0V 1 , (4.5) 

4 y2 

The spinor superfields that contain SL,, their dual fields and their superpartners are 
written as 

^ = ri + AW + <:Sl„) + 6 2 Fl + iB^ddrf (4.6) 
^ = Tl + e h {-e\p* I -a^\S%)+PFl-ieam»fl (4.7) 

-M^eoM-jjf 1 - a^ a s;i) - U 2 WUfl 

that are also chiral D^H^ = D^T,^ = 0. 

Now, we are interested in building up the off-shell N = 4 supersymmetric version of the 
Lagrangian 1)2.1)1 . The bosonic sector for this Lagrangian is given by (|2.39jh Now, we look 
for a supersymmetric model in terms of superfields. The dimensions of the new superfields 
are given as: 

[<&*] = m = +i, [sj] = m = +i, [r ij \ = [r ij ] = o. 



14 



Based on the dimensionalities, and by analyzing the bosonic Lagrangian (|2.39jl . we propose 
the following supersymmetric action, Sbr' 



S br = [ d 4 xd 2 6d 2 8{jW & W A 5(8 2 ) + jW a W a 5(6 2 ) + i<5 7 $ 7 

J 4 4 Z 

-UU + Uv a {D a V)S + ^Wa{D h V)S (4.8) 
+ l -5(6)W a {¥ + $ J )£^ - ^8{9)W & {^ 1 + 

+^ I ¥(R IJ - R IJ ). (4.9) 
This Lagrangian in its component-field version reads as below: 
Cbr = -~F^F^-iA^A + £ 2 + ir 2 4-^^^ 
"2^% + a(3 + a(3- MM* - 2uE 

+ % -d^s - s*)e^F KX A v - - A {s + s*)F^ + 2D 2 (s + s*) 



-isXa^d^X - is*Xa>*d ll X - —Xa^F^ + —Xa^F^ 



+ ^XXh + ^XXh* - V2X£D - y/2\£D 

Ler^F^tf + + S* K {) + l -F^{Sl - S%W + <f*) 

-^tVV*^ - l ^lfi<r>F F + irV^AO/ + ^) (4.10) 

o o 4 

-~f^A(/ + + ^V^A + ^^s^V 

i\/2 r j iy/2- -j T i\/2~ (J t iVz^jr j 
+— A^V - -g-Az/V 7 - — ZtyV + — D*^V 

Ar 7 - l/^f* + + (f* I )XF I - + ^)AF 7 

+~ ¥ r r <9 / ^* J ^(?/ J + u* IJ ) - hp* J d^ I d i "(u IJ + u* IJ ) 

+-d»<p I d ti (p* J {u IJ - u* IJ ) - -<p I (p* J D(u IJ - u* IJ ) - a^d^ 3 {u u - u* IJ ) 
2 4 2 

+iG J G* J (u w - u* /J ) + y/a*ijj J d li u* IJ 
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This N = 4 Lagrangian contains the N = 1 and N = 2 terms. The x 4 transformations given 
by (|2. 3612.38(1 works as central charge transformations in the superalgebra. These are given 
by 

8 z rf = d,F^ + h^ x F^ K d x s + ^e^ x dyS[ x 

-e UfMK \R KX + G'^u 1 + fermionic SUSY partners, (4.11) 
SzG 1 = d^cp 1 -^e^F^Sip-V^ 

-2d^ J d^u IJ - 2G J t IJ + fermionic SUSY partners. (4.12) 

As already mentioned in the previous section, the fermionic terms of the central charge 
transformations shall appear in a forthcoming paper. 



5 Concluding Remarks and Comments 



In this work, we carried out the N = 2 and A^ = 4 supersymmetric generalizations re- 
alized off-shell for the Abelian gauge model with a Chern-Simons Lorentz violating term 
starting with the bosonic sector of a N = 1 version of this theory on D = 6 and D = 4 
respectively, both realized on-shell. Then, the dimensional reduction to D = 4 yielded the 
bosonic sectors for the N = 2 and A" = 4-SUSY versions for this model. Once we had the 
bosonic sector, we could make the supersymmetric extension using the superfields formalism 
in A^ = 1 superspace. The results obtained could be realized off-shell because we used the 
Legendre transformation technique to reduce one of the space-like coordinates. In so doing, 
the Lagrangian acquired auxiliary fields that make the algebra to close off-shell. Other im- 
portant result of this technique is the appearance of central charge transformation that is 
consequence of translation with respect to the coordinates reduced with this technique. It 
is interesting because in the real physical situation the fields may carry a dependence on 
the extra space dimensions while the action does not need to show such a dependence. In 
a forthcoming work, we shall be discussing more deeply issues related to the central charges 
and their relation to topological configurations that may be found in the N = 2 and N = 4 
extensions of the Lorentz-violating model. 
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